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1 � 2
f : Θ × M → M,

(θ, x) 7→ f(θ, x) = fθ(x)

Q4R&O$M�Y�Qc[<����]JNJV`[9OXNP^_Y n�Q`R�M�S{[hq�]JQ75
1 : 2

X0
�C]J[�VW^<YFsDN�OXNP^_Y�NPY�NPO�Np[h]JQ � Q`R�O�M�Y�Q$�9[<S�Np[hq�]JQ$[h]JU`[hO�^_NPSXQ �2UZ�_QZY�O�M�QZ]J]PQ`n7Q`Y�O\sDUWOXQZSXn�NPY�NpR�O�Q �

NJY�sDU`�FQ`Y�s�[hY�OXQ sDQb]J[�R�M�NPO�Q
(θn).

� 8 � >�/C1`/ EF> *�� *�� *�� �
m

�����$�������)- �9- ��� ����� �����$�>���(- ���
(θn),

- � �-� , � - �
(f, m)
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(Xn)
� � - , �E�$�F� �����! ��" $# ,���� �3� �!%��A� �9��� � �

� , �$&;���('�) �
(f, m)

��� �-������� �?�$��� ��� � �?�>� - �
X0. * � - ������� X0

�����8�A��� ��- �
�9- � - ���7��� � �E�>�.- � ���
(f, m).
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θ
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Q`R�O'sDUZO�QZSXn�NPY�NJR�O�Q_lFQZO'sDQ�]p[ � ���-���$�>� � �0� � �F�/.(, �']J^<S{R(��M�Q

X0
Q4R&O
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Z^<Y�R}��[<S���M�QZ]'��M�Q`R�Q #;Q`n���]PQ4RZI


��21 3 %)� � �"� '(��� � % �������

�$Y 6&^<M�QZM�SAs�Qz�F^_¦<Q`S ��M�N$q�[hOAM�Y 6&QZM R�OX[<Y�s�[<SXs sDQ
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V`[hS�O�Q4R�Y�^<M�Rou2^<M�SXY�NPOAM�Y q QZ]
Q7#DQZn���]JQ�s�Q�R�M�N�OXQ�SXU`VZM�SXS�Q`Y_OXQ [h]JU`[hO�^_NPSXQzR�M�S ]JQ �_S�^_M�� Q R��;n�UWOXS�N'��M�Q

M = S52
s�Q`R

52!�FQ`S�nrMDOX[hO�NJ^<Y�R��2]JQ`R�q�N 6&Q`VWO�NJ^<Y�R�sDQ {1, . . . , 52} s�[hY�R ]JM�N ��n �Zn�Q �WI � ]m� NJY�R�OX[<Y_O�NPY�N�OXNJ[<] l�]JQ`R
VZ[<S�OXQ`R R�^<Y�O"^<S{sD^<Y�Y�UZQ4R QWO�]m� UWOX[hO�NJY�N�OXNJ[<]FsDM R��DR&OX�Zn�QTQ`R�O�]p[c�FQ`S�nrMDOX[hO�NJ^<YoNpsDQZY�OXN�OXU � X0 = e.� ] � UWO{[h� Q

n + 1,
]PQ 6&^_M�QZM�SAV{|�^<NpR�N�O M�Y�Q �FQ`S�nrMDOX[hO�NJ^<Y

θn+1
[<M |�[<RX[hS{s s�[hY�R M�Y R�^_M�R �

QZY�R�QZnrq�]JQ
S ⊂ M

QZOo] � [h����]PN'��M�Q 

Xn.

~�[�R�M�N�OXQ
(Xn)

Q`R�O�sD^_Y�V�M�Y�QtR�M�N�OXQ�SXU`VZM�SXS�Q`Y_OXQ
[h]JU`[hO�^<NJSXQ

Xn+1 = θn+1 ◦ Xn^0/�]PQ4R��9[hSXNJ[<q�]PQ4R
θi
R�^_Y_OTNmI NmI s�I�
7�9[h]JQZM�S{RTs�[hYFR

S.
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S
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S
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52
�C^<Y VZ^<M�� Q �d��M�NJR�^<Y NPY�OXQZS{VZ[h]JQo]JQ`R V`[hS�O�Q`R

1, 2, . . . , k
[hM n�NJ]PNJQZM sDQ4R

VZ[<S�OXQ`R
k + 1, . . . , 52.

-$^<MFR$Y�Q7V{|�QZS{V{|�QZSX^<YFR���[<R�NJVZN�
 sDU4VWSXNPSXQ ]m� Q`Y�R�QZn�q�]PQ
S
[=�_Q`Vc��SXU`VZNJR�NJ^<Y no[hNpR$Y�^_M�R�R�M����

�F^�R�Q`S�^_Y�R���M�Qc]PQbq�[hO�O{[ �<QdQ`R�O ��n7U`]J[<Y �<Q4[hY�O*� lDVh� Q`R�O � 
 � sDNJS�Q
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S
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M :
O�^_MDO�Q��FQ`S�nrMDOX[hO�NJ^<Y

x ∈ M
�FQ`MDO RZ� U`VZS�NJS�Q7VW^_n7n�Q7M�Y ��S�^DsDM�NPOd��Y�N

x = s1 ◦ . . . ◦ sl
s�� UZ]JUZn�Q`Y_O{R$sDQ

S ;1 � 2 ]p[z]J^<N
m

sDQ`Rr�9[hSXNJ[<q�]JQ`R
θn

V{|F[hS&�<Q�O�^_M�R7]PQ4R�U`]PU`n�QZY�OXR7sDQ
S : m(s) > 0

� ^<M�SrO�^_MDO
s ∈ S.

K;^<MFRTVWQ`R�|;�;� ^hO�|��`R�Q`R`lD]J[�R�M�N�OXQ
(Xn)

�<U`S�NP��Qc]JQ`R���SX^<��SXNJUWO�U4R � O�SXU`R$NPY�O�M�N�OXNP�_Q`R �\R�M�NJ�9[hY�O�Q4R �
1 / 2 Q`]P]JQ"Q`R�O
�A�A��, ��� ��� ��� � QZ]J]PQ���NpR�N�OXQ�NJYD��Y�NJn�QZY�O R�^<M��<QZY�O�OX^<M�R�]PQ4R.� ^<NJY�OXR0sDQ�]m� Q4R��F[<VWQ\s�� UZOX[hOXR�5
1 / / 2 Q`]P]JQ RX[9O�NpR�uC[hNPOcM�Y�Q - ���,����� �
� �����;� � �,) � � ��� � ]p[ u2S�U ��M�QZY�VZQos�� ^DV`VWM���[hO�NJ^<Y s�� M�Y R�^_M�R �

Q`Y�R�Q`n�q�]JQ
A ⊂ M

Q`R�O�[<R��;n7��O�^hOXN8��M�Q`n�QZY�O U �_[<]PQT[<M ���<^_]PM�n7Q0�}sDQ
A = card(A)/52!.

�"]JM�RT��SXU`VZNJR�UZn�QZY�O4l
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x ∈ M,

limn→∞
1

n

n∑

k=1

1{Xk=x} =
1

52!
=

1

E(Te)

���

Te = inf{n > 0 : Xn = e}
�����$���F����- �8� �A� ) �>��� ��� ���.�F� � ���E� ���9� , ���

e.

�\QWO$U`Y�^<Y�VZUcQ`R�O$M�Y VZ[<R��F[hS�O�NpVWM�]JNPQ`S$sDM � � �-��� '�) � � �0��� ���/.�, � � � ����.(, � �	� ��� ^<M�S�]PQ4RTV{|�[=¥ Y�Q`R
sDQzyz[<S�¦_^9� ��Y�NJQ`R �;�>��� ��R�M�S M�Y Q4R���[_VWQ s�� UWO{[9OXRo��Y�N � ��M�QzY�^_M�RosDUZn�^_Y_OXS�Q`S�^_Y�Ros�[<Y�Ro]p[
R�Q4V OXNP^_Y ��I �dsDM V{|�[<��NPO�SXQ ��I -$^_M�R VW^_Y�R�QZNJ]P]J^<Y�R ]m� Q7#DQZS{VWNpVWQTR�M�NP�9[<Y_O�[<M�]PQ4V O�Q`M�S OXS�^_�rNJn���[9OXNPQ`Y_O
�F^_M�S$[9O�O�Q`Y�sDSXQd]JQ V{|�[<��N�OXS�Q �DI


�� 3�69:</ :<3 * �p� �p��
��������������
i ≥ 1, � ����� ��� ∆i ���  � ��!"��#�$ �%� !�&�!'��!)(+* �-,). ��� � , ! � �/��! � $ i 0 !"� � $

(i − 1) 0 #  �  ��!21 e, . � ! � �/341536&  ��!

∆i = inf{k > 0 : θT i−1+k ◦ . . . ◦ θT i−1+1 = e},
��7

T 0 = 0
!"�

T i = ∆i + · · · + ∆1.
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limi→∞
i

Ti
=

1

E(Te)
.

����� � � �/��!"������!

limn→∞
1

n

n−1X

k=0

1{Xk=e} = limi→∞
i

Ti
.
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~�[o��SX^<� ^_R�NPO�NJ^<Y H<I �DIJHbQ`R�O�M�Y SXU`R�M�]POX[9Od[<R���n��DOX^hOXN8��M�Q_l�QWOcsDQ�VWQ uC[hNPO�Y.� Q`R�O'��[_RTQZY�O�NJ�ZSXQ7�
n�QZY�O�RX[9OXNJR�uC[hNpRX[hY�O�Q'�F^_M�S�]PQ�6&^<M�Q`M�STsDQd�F^_¦<QZS4l �_M�N���S�UZu2UZSXQZS{[hNPO}RX[=�<^_NPS�R�N�]JQ'��[9��M�QWO�Q`R�O}q�NPQ`Y
n�UZ]p[hY �_U}]J^<S{R&�_M�� NJ]�VWQ4R�R�Q$sDQTq�[hO�O�SXQT]JQ`R"V`[hS�O�Q`R`I9�"Y s�� [hM�O�SXQ`R0O�Q`S�n�Q4R �2��]JM�R�n�[hO�|�U`no[9O�N'��M�Q`R � l
]PQ 6&^_M�QZM�S$[<NPn�Q`SX[<N�OT� ^<M��_^<NJS�VZ^<n���[<S�Q`S}]J^<N.s�Q

Xn
[=�<Q4V']p[7]P^_N�M�Y�NPu2^<SXn�Q R�M�S

M.
% Y�O�SX^;s�M�NJR�^<YFR\]p[�sDNpR&O{[hY�VZQ

dn =
1

2

∑

x∈M

∣∣∣∣P(Xn = x) − 1

52!

∣∣∣∣ ≤ 1.

~�[d��SX^<� ^_R�N�OXNP^_YrR�M�NJ�=[<Y�O�Q$sD^_Y�Y�QTM�Y���SXQZn�NJQZS UZ]JUZn�Q`Y_O�s�QTS�U`�F^_Y�R�Q 
c]p[ ��M�Q4R&OXNP^_YosDM,6&^<M�Q`M�S`I

c69E�2�E 54/21`/ EF> * �p� �8/ � , ��� �;� ��� � .�, �

S
� ��� �7����-�.�, �$-;
 �0� �E�>� �

l
���9-;
 � &A� ��� � '����

(a)
� ,�� �-���

# �3� � �-� �F� �$�7�������.� �0�����,) ) �0� � ���
x
�.� -��+,%$ ������� �'& ��) � - � ��� �+, ��� �;��� � .(, �

e ∈ S
#F�)(7- ���-�

� -<�*&�� ����� ����� �-��� ���.�F� �����
C > 0

� �
0 ≤ ρ < 1

�*��������������� ����� ���
S
#�����- - ��� .�, �

dn ≤ Cρn.

% ] R`� [ �<NPO�] 
 Q`Y�VW^_S�Q�s.� M�Y S�U4R�M�]�O{[9O"OX^<MDO 
buC[<N�O\O&����N8��M�QdsDQ`R}V{|�[=¥ Y�Q4R�sDQcyz[hSX¦<^9����Y�NJQ`R`I"-�^<M�R
]PQcsDU`n7^_Y�O�SXQZSX^<Y�R}s�[hYFR\]JQ`R�V{|�[<��NPO�SXQ`R � �2O�|�U`^<SX�Zn�Q �DI �DIJHZ� �"QWO$x � O�|�UZ^<SX�Zn�Qcx�I x�I x �\s�[hYFR\M�Y
VZ[_sDS�Q���]PMFR��_UZY�U`SX[<] I yz[h]J|�Q`M�S�Q`M�R�QZn�QZY�O`l ]JQ`Rdn�QZNJ]P]JQZM�SXQ`RdVW^_Y�R�OX[hY�OXQ`R

C
QWO

ρ
R�^<Y�Ods�N,+ VWNJ]JQ`R


�VZ[h]pVWM�]PQ`S}QZO$]PQ4R�Q`R�O�NJn�U`R�uC[_VWNJ]PQ4RTR�^_Y_O�OXS�^_� �_S�^�R�R�NPQ`SXR`I
�"Y

1986,
�0Q`SXR�NpR ��Np[<VZ^<Y�NpR��cR�QcSXQZY�stVWU`]PQ`q�SXQdQ`Y�s�UZn�^<Y�O�S{[hY�OT]JQdSXU`R�M�]POX[hOTR�M�NJ�9[hY�O �
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�"]JM�R���S�U4VWNpR�U`n�QZY�O`l ��Np[<VZ^<Y�NpR�sDUZn�^<Y�OXS�Q �_M�Q�]JQ �_SX[<��|�Q s�Q�]p[ u2^_Y�V OXNP^_Y
n→dn

Q4R&OtM�Y�Q
��R�N8�<n�^���sDQ$� I � ^<M�S

n < 7, dn
Q`R�O ��SX^DV{|�Q sDQ

1
QWO��F^_M�S

n ≥ 8, dn
Q`R�O ��S�^DV{|�Q s�Q

0.~"� Q7#D��]JNJV`[9OXNP^_Y7sDQ$VZQT��|�U`Y�^<n��Zn�Q � sDNPO\sDQ ��VWMDO(�m^��<� �0Y�� Q`Y_OXS�QT�F[<R"s�[<Y�R ]JQ$VZ[_sDS�QTsDQ'VWQ$VW^_M�S{R
no[hNpR�]JQ']JQ`VWO�Q`M�S\NJY�O�U`S�Q4R�R�U�� ^<M�SXS{[ VW^_Y�R�M�]�OXQZS ��Np[<VZ^<Y�NpR 	JH ! �ml;^<M QZY�VZ^<SXQ$]m� Q #DVZQZ]J]PQ`Y�O�VZ^<M�S{R�sDQ
KD[h]J^��6���\^_R�O�Q9	 �<j �mI


���� 	 % �"��
���� %�'(��% ��*��+����� � � �
Zd

K;^<NJQZY�O
e1, . . . , ed

]PQ4R �<Q4V O�Q`M�S{R0s�Q}]p[dq�[<R�Q�VZ[hY�^<Y�N'��M�QTsDQ
R

d.
��Yrno[<SXV{|�Q`M�S �CRX[hY�R sD^_MDO�Q

NP�;SXQ � ��R�Q�s�UZ��]p[<VZQ s�[hY�R
Zd.

KD[�� ^_R�N�OXNP^_Y 
�] � NJY�R&O{[hY�O
n
Q`R�O�]p[��9[hSXNJ[<q�]PQ [<]PU4[9OX^<NJS�Q

Xn ∈ ZdsDUW�FY�NPQc��[<ST]J[7SXU`VZM�S�SXQZYFVWQc[h]JU`[9OX^<NJS�Q � X0 = 0,
QWO

Xn+1 = Xn + θn+1

^0/
θ1, θ2, . . .

R�^<Y�O�sDQ4R��?I [�IWN I NmI scM�Y�N�u2^_S�n�UZn�Q`Y_O�s�NJR�O�SXNPq�M�UZQ4R.s�[hYFR {e1, . . . , ed,−e1, . . . ,−ed}.
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�"Y H`� ��H<lF�0^_]P��[��rR�Q7�F^�R�Q7]JQ7��S�^_q�]P�`n�QrR�M�NP�9[<Y_O � ]JQrno[hS{V{|�Q`M�S'Q4R&O(�mNJ] R )�Scs�QrSXQZ�_QZY�NJS 
�RX[
�F^�R�NPO�NJ^<YtsDQ sDU`��[hS�O vb~�[7S�U`�F^_Y�R�QcsDU`�FQ`Y�s VWSXM�VWNp[h]JQZn�Q`Y_OTsDQb]p[�sDNPn�Q`Y�R�NJ^<Y sDM�SXU`R�Q`[hM �

� �08�EF6-� 0 3�*��'/ � * 1 
'EFB/�F@ 	b*�4?��* 2 � � � , �
d = 1

� ,
2
- � ) ��� ��� � �.- �
���9��� � �

(Xn)
���-�

S�U4VWM�SXSXQZY�O�Q �
P(∃n > 0 : Xn = 0) = 1.

� � , �
d ≥ 3,

�(- - � ������OXSX[<Y�R�NJQZY�OXQ �
P(∃n > 0 : Xn = 0) < 1.

-$^_M�RTsDUZn�^_Y_OXS�Q`S�^_Y�R}VWQbSXU`R�M�]�O{[9O$s�[<Y�R�]J[�R�Q`VWO�NJ^<Y �DI x�I �rs�MtV{|F[h��NPO�SXQ ��I

(�� )���( ��� �?
��'�<�D� �\�D%§��%��t
������

~�[ �-��� ������� �.� ��� � � - &�� Q`R�OT]PQbY�^_n�q�SXQ
p(d) = P(∃n > 0 : Xn = 0).

��� [h��S��4R ]PQ O�|�U`^<SX�Zn�Q�H<I x�IJH<l
p(1) = p(2) = 1

QWO
p(d) < 1

� ^<M�S
d ≥ 3.

��Q4R Q`R�O�NJno[9OXNP^_Y�RtY;M�n�UZSXN8��M�Q4Rt��S�U4VWNpR�Q4R sDQ
p(d)

R�^<Y�O sDNpR��F^_Y�NPq�]PQ4RzR�M�S ]PQ R�N�OXQ NJY_OXQZSXY�QWO
� �3� �	� 
�
��
�
� � ) ��� � ��� � �.���-�,) ���.-0� ������
 ���F� ������� ��
F� � -�&���
�� �.- &��D� � � )$- �F^_M�S

d ∈ {3, . . . , 64}.�"Yt�<^_NJVZN ��M�Q`]8��M�Q4R ��M�Y�Q4R

p(3) = 0, 3405373295509991 . . .

p(4) = 0, 1932016732249839 . . .

p(10) = 0, 0561975359742678 . . .

p(64) = 0, 0079380451778596 . . .

�-� -A@��&=�� -A@?12H*12'*) �&"$);1$%>"$12+ )&= '*) �������G'�@*�8"$%>@�'*) ��!����,'�� '*"$%$1$' !�"$4 &�- -,@?%E-;/
-
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Zd
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#��
' '�@ '*+>@B( 4 C "$%>101$12)&' B&' 4 - @��&=*"$%E12' B&'*+4� -
%EH � ';+7-
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���� � *�#���*�'(�!���(*�#��	��� 3 � ��# * � '('��

� ^<NpVWN�M�Y Q7#DQZn���]JQTOXS��4R�R�NPn���]JQ �2no[<NJR"O�SX�`R"SXNpV{|�Q � s�Q'R��;R�O��`n�Q$sD�;Y�[hn�N'�_M�Q�[h]JU`[hO�^<NJSXQ$R�M�S
R.

-$^_M�Rc] � ^<q�O�QZY�^<Y�RcQ`Y�n�^DsDNP�F[hY�Ob]PU �<�`S�Q`n7Q`Y�Oc]p[tR�M�N�OXQ7SXU`VZM�SXS�Q`Y_OXQ7s�U`VWSXNJ�=[<Y�Oc]p[�no[hS{V{|�Q
sDQc� ^<]J�_[7M�Y�NpsDNJn7Q`Y�R�NP^_Y�Y�QZ]J]JQ<I

K;^<NPO
a
M�Y�SXUZQZ];� ^_R�N�OXN�u&l

(θn)n≥1
M�Y�Q$R�M�NPO�QTsDQT�9[hSXNp[hq�]JQ`R [h]JU`[hO�^_NPSXQ`R�N I NmI s�I_sDQT]P^_NDM�Y�NPu2^<SXn�Q

R�M�S {−1, 1} QZO (Xn)
]p[�R�M�NPO�QbSXU`VZM�SXS�Q`Y_OXQd[<]PU4[9OX^<NJS�QdS�U`QZ]J]PQcsDUZ��Y�NJQb��[hS

Xn+1 = aXn + θn+1.

� ^<M�S
a = 1

Y�^_M�R SXQWOXS�^_M��<^_Y�Rc]p[ no[hS{V{|�QAsDQ �0^_]P��[tM�Y�NpsDNJn7Q`Y�R�NP^_Y�Y�QZ]J]JQAUWOXM�sDNJUZQ�s�[hY�R�]J[
R�Q4V OXNP^_Y���S�U4VWU`s�QZY�O�Q_I�� ^<M�S

a 6= 1,
]p[oR�M�N�OXQ

(Xn)
RZ� ^<qDOXNPQ`Y�O 
o��[<S�OXNPS�s�Q

X0
QZY VZ^<n�� ^_RX[hY�O

[h]JU`[hO�^<NJSXQZn�QZY�O\]JQ`R�sDQZM�#�[h����]JNpVZ[9OXNP^_Y�RT[ +oY�Q4R
f1(x) = ax + 1

QWO
f−1(x) = ax − 1.

-r r r r r r r r r r

6

r

r

r

r

r

r

r

r

r

r

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

y = x

y = f1(x)

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

y = f−1(x)

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

� / � -�6=3 * �P¤ * ��� � �������?�$��� � f1
� �

f−1
� � , �

a = 2/3.

� ^<M�S
a > 1,

]JQ VW^_n7� ^<S�O�Q`n�QZY�O$[<R���n��DOX^hOXN8��M�QbsDQ
(Xn)

��S�U4R�Q`Y�O�Qd�FQ`Mzs�� NJY�O�U`S��ZO`I


�� 3�69:</ :<3 * �P¤ �C* � � � �/��! � ����!-* ����� a > 1

P(limn→∞Xn ∈ {−∞, +∞}) = 1.
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� ^<M�S
0 < a < 1,

Y�^_M�R�[h]J]P^_Y�R}�<^<NJS��_M�Q']JQdVZ^<n�� ^<S�O�QZn�Q`Y_OT[<R��;n��DO�^<O�N'�_M�QdsDQd]p[rR�M�NPO�Q
(Xn)Q`R�OTqFQ4[hM�VZ^<M�����]JM�RTSXNJV{|�Q.��M�QcY�Qb� ^<M�SXS{[hNPO}]JQb]J[<NJRXR�QZSTR�M����F^�R�Q`ST]J[�R�NPn���]JNpVWNPO�U sDMtn�^DsD�Z]JQ<I

�0^_M�S�O�^_MDO
n ≥ 0,

Xn − anX0 = an−1θ1 + · · · + θn.

K;^<NPO
Yn = θ1 + aθ2 + · · · + an−1θn.

�"M�NpR(��M�Q |a| < 1,
]J[oR�M�NPO�Q

(Yn)
VZ^<Y;�<Q`S(�_Q��<Q`SXR}M�Y�Qb�=[<S�Np[hq�]PQ

Y∞ ∈ [− 1
1−a , 1

1−a ].
+TQZno[<S&��M�^_Y�R ��M�Q ]JQ`RA�=[<S�Np[hq�]PQ4R

Xn − anX0
QWO

Yn
^_Y_O ]J[ n �`n7Q�]P^_N'V`[hS ]JQ`R �<Q4V O�Q`M�S{R

(θ1, . . . , θn)
QZO

(θn, . . . , θ1)
^<Y�OT]p[rn �`n7Qb]J^<NmI

� ^<M�S}O�^_MDO�Qcu2^_Y�V OXNP^_Y
Φ : R→R

VZ^<Y�O�NJY;M�Q<l

limn→∞(Φ(Xn) − Φ(Xn − anX0)) = 0,

VZ[<S
Φ
SXQ`R�O�SXQZNJY_OXQ 


[ −1
1−a −|X0|, 1

1−a + |X0|]
Q`R�O M�Y�N�u2^_S�n�U`n7Q`Y�O�VW^<Y�OXNPY;M�Q_I9� [<S"VW^_Y�R�U ��M�QZY�O`l

limn→∞E(Φ(Xn)) = limn→∞E(Φ(Yn)) = E(Φ(Y∞)),
�&H_I � �

��[hSo[<����]JNJV`[9O�NJ^<Y sDM O�|�UZ^<SX�Zn�Q sDQzVZ^<Y;�<Q`S(�_QZY�VZQ sD^_n7NJY�U`Q �c�_^<NJS�] � [h��� QZYFsDNJVZQ<l OX|�UZ^_S��`n�Q
j�I �DI x �WI0�\Q O&�;� QAsDQ VZ^<Y;�<Q`S(�_QZY�VZQoRZ� [h��� QZ]J]JQ ]J[ �-��� ��� �0�������
� ��� - �F� �2�_^<NJS ]m� [<���FQ`Y�sDNpVWQ��bQWO
Y�^<MFR��<QZY�^<Y�R�sD^_Y�VcsDQb��SX^<M��_QZS�] � UZY�^<Y�VZUcR�M�NJ�9[hY�O`I


c69E�2�E 54/21`/ EF> * �P¤ �p� * � �+,�� ��� (Xn)
�-��� �&� �0�D� ��� - �F�4�&� �-� - � �&���$�>� ��- � � - �
���9��� �A�

Y∞.

K;^<NPO
νa

]J[7]J^<N.sDQ
Y∞

QZO
Fa : R→[0, 1]

RX[ � �������?�$��� ���E� �.� �����?� �?�$��� �

Fa(t) = νa(] −∞, t]) = P(Y∞ ≤ t).

K;N
Fa

Q`R�OrVW^_Y�O�NJY�M�Q [hM �F^_NPY�O
t
� Vh� Q`R�O � 
 � sDNPSXQoR�N

P(Y∞ = t) = 0
� l�]p[ R�M�N�OXQAsDQou2^_Y�V OXNP^_Y�R

(1{Yn≤t})n≥0
VZ^<Y;�<Q`S(�_Q ��SXQ`R&�_M�QrR()�S�Q`n�QZY�Od�_QZS{R

1{Y∞≤t}
QWObsD^_Y�Vhl?��[<SdVZ^<Y;�<Q`S(�_QZY�VZQ�sD^ �

n�NPY�U`Q<l
Fa(t) = limn→∞P(Yn ≤ t) = limn→∞P(Xn ≤ t).

�&H<I x �
�\^<n�n�Q Y�^<M�Rr�<Q`S�SX^<Y�Rrq�NJQZY�O��<O ��M�Q

Fa(t)
Q`R�OoVZ^<Y�O�NJY;M�QAQ`Y�OX^<MDO�� ^<NJY_O4l"VWQZO�O�Qt��SX^<��S�NJUWOXU

sDQ VW^_Y;�<QZS&�<Q`Y�VWQ �&H_I x �dQ`R�O��;SX[<NPQoRX[hY�R S�Q4R&OXS�NpV OXNP^_Y.I��'Q ��]JM�RZl�Y�^<M�RrsDUZn�^_Y_OXS�Q`S�^_Y�Rcs�[hYFRb]PQ
V{|�[h��N�OXS�Qd� �CVW^_S�^_]P]p[hNJSXQ'�FI �FIPH � ��] � UZY�^_Y�VWUc��SXQ`R&��M�QbR )�S$R�M�NJ�9[hY�O`I
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c69E�2�E 54/21`/ EF> * �P¤ �8/ � � , � �9� , � ��� �.� ����� - - �
I = [α, β] ⊂ R,

limn→∞
1

n

n−1∑

k=0

1{Xk∈I} = νa(I) = Fa(β) − Fa(α)

� � ����.(, � �	� � � ) ��� ���

~.Q4R ��SX^<� ^_R�N�OXNP^_Y�RoH_I �FI ��l"H<I ��I xtQWO7] � U ��M�[hO�NJ^<Y �&H_I x �cY�^_M�R U4VW]p[hNJS�Q`Y_O7R�M�Sr]PQ VW^<n�� ^<S�O�Q`n7Q`Y�O
[<R��;n7��O�^hOXN8��M�QcsDQc]p[7R�M�NPO�Q

(Xn).
�"]J]PQ4R�n7^_Y�O�SXQZY�O��_M�Qd]p[�R�M�N�OXQ

(Xn)
R�QbVW^_n��F^_S�OXQ'Q`Y ��SXQ7�

n�NP�`S�QT[h����S�^ #DNJno[9O�NJ^<Y�l4� ^<M�S
n
�_SX[<Y�s�l9VW^_n7n�QTM�Y�Q$R�M�NPO�QTsDQT�9[<S�Np[hq�]JQ`R NmI N I s�I<sDNpR�O�SXNPq�M�UZQ`R R�Q7�

]P^_Y
Fa.

Trajectoire de X(n) (pour n = 1,..,100) 
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Histogramme de 3000 tirages de X(100) 
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Trajectoire de Y(n) (pour n = 1,..,100) 
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Histogramme de 3000 tirages de Y(100) 
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� / � -�6=3 * �'5�� ��� �;�.- , �E�$�F� ����� � �$� � , - - ��� �., �
a = 0, 25.
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~.Q4R S�U4R�M�]POX[hOXR sDQ R�NPnrM�]p[9O�NJ^<YFR � ���_M�S�Q4R§H<I�� QWO¡H<I ! �aNJ]P]JM�R�O�SXQZY�O ]J[ s�N �?UZSXQZY�VZQ sDQ Y�[ �
O�M�SXQ¡Q`Y_OXS�Q ]PQ4R R�M�NPO�Q4R

(Xn)
QWO

(Yn)
I �$]J^<S{R ��M�Q ]J[ R�M�NPO�Q

(Yn)
VW^<Y;�_QZS&�<Q§��SXQ`R&�_M�Q

R )�S�Q`n7Q`Y�O �C�<QZS{R�]J[ �?I [
Y∞
� ]J[ R�M�N�OXQ

(Xn)
�&^�R�VZNP]J]PQ0��[h]JU`[hO�^<NJSXQZn�QZY�O`I�� [hS VW^_Y�O�SXQ

]PQ4R |�NpR&OX^ �_SX[<n7n�Q4R�s�Q
(Yn)

QWO
(Xn)

��VW^<Y;�_QZS&�<QZY�O;���<Q`SXR ]JQ�n �Zn�Q |�NpR&OX^ �_SX[<n7n�Q_I
�\QZ]p[§RZ� Q7#D��]JN8��M�Q �F[hS ]p[ VZ^<Y;�<Q`S(�_QZY�VZQaQ`Y ]P^_N sDQ

(Xn)
�_QZS{R

Y∞
�2��SX^<� ^_R�NPO�NJ^<Y�H<I ��I � � I

Trajectoire de X(n) (pour n = 1,..,100) 
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Histogramme de 3000 tirages de X(100) 
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Trajectoire de Y(n) (pour n = 1,..,100) 
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Φt(Y∞) = E(eitY∞)
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Y∞.
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Φt(Y∞) =
∞
Y

k=0

1

2
(eitak

+ e−itak

)) =
∞
Y

k=0

cos(tak).
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[−2, 2].
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1

4

Z 2

−2
eitxdx =

sin(2t)

2t
=

sin(t) cos(t)

t
=

sin(2(t/2))

2(t/2)
cos(t) =

. . . =
2n

t
sin(t/2n)

n
Y

k=0

cos(t/2k) =
∞
Y

k=0

cos(t(
1

2
)k).
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n
X
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)
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J =]α, β[⊂ [−(1 − a)−1 , (1 − a)−1 ]
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N ∈ N

@E'*4 6�#&'
α + aN /(1 − a) < β − aN /(1 − a)124D'�� 12+E@E'

n ≥ N
@?'*4 6�#&'

P(Yn ∈]α + aN /(1 − a), β − aN /(1 − a)[) ≥ 1

2

n

> 0.

-�C "
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P(Y∞ ∈ J) > 0.
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!�"$+?"$) +
I+ = [(1 − 2a)/(1 − a), 1/(1 − a)]

'*@
I− = [−1/(1 − a), (2a − 1)/(1 − a)].
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)0@�'F=�@?-
)�@<B&"$)&)&=
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S�]Ji
x = x0 ;SV/�i +?1
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xn+1 = xn−ξn
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fξn

(xn+1) = xn
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an+1xn+1 − x = −
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X

k=0

akξk.
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akξk| ≤ an/(1 − a).

!�"$#&%
a > 1

2
,
4 - / "$)&H�@E12"$)

Fa

+?'��
%&42'8B&"$)&H 3&42# @VC
@ %>=�1$# 4210/;%>'�' � -
12+ H*"��7�8'8)&"$#&+ 4 C -*/0"$)&+ B&= 5E-G+?101$)�-
42=�'
� %EB&9$+ 	 ���
� '*)E��!���!8- 3&%>"$# /0= 6 #&'

νa

'*+E@(+E12);1$#&4210/*%E' 3F"$#&%
a = 1

g

'*@
g
'*+E@()&"��
%&%>' B&'7! 12+E"
@�' H0C '*+>@�� (�� B&12%E'

S ]Ji
g
'*+E@�4 -7%?-
H*12)&' B�C #&) 3�"$4 & )&C��8'<#&)&1 @?-
12%E'
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f(x)eitxdx = 0.
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a = 1/g.
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gn + gn
2 + . . . + gn

m
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gi =

−am−1,
P

i<j gigj = am−2, . . . , a0 =
P

i1<···<im
ai1 ...aim .

� 12)&+E1
gn + gn

2 + . . . + gn
m ∈ Z
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dist(gn , Z) ≤ θn
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a = 1/g
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t(n) = πgn.
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Y
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cos(gn−kπ) =
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cos(gkπ)C
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∞
Y
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cos(akπ)
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θ < 1,

|| cos(gkπ)| − 1| ≤ πθk.
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∞
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(�� � �m) ��% 
'��
��d������% � ���t���	�\�

0�"$1 @
CS ⊂] 1

2
, 1[

4 C '*)&+?'��
%&42' B&'*+ /
-
42'*#&%E+ B '
a
3F"$#&%�42'*+ 6�#&'*4242'*+

νa

'*+>@�+?12),1$#&4210/*%E'$I � ' @��&=*"$%�/��8' B�C � %>B&9$+
3F"$+?' 42'73&%>"�%&40/��8'�B&'74 -8B&'*+?H*%>123 @E12"$) B '

CS.
� )���!�!��,' 0 "$42"��
&�--# 	 ���
� 8 /0"$12% -
#&+?+E1�4 - @?%$/*+ %F';4242' 3&%>'*# /0' B&'

0 "$42"��D&�--# '�@ !�'*%>'*+,	 ���
� : -GB&=��8"$)0@?%>= 6 #&'
CS

'*+E@ B&' �8';+E#&%>' B&' � '�%F'*+31$#&' ) # 4242'�'�%>=*+?"$4 /
-
)�@ -
12) +?1 #&)&'
H*"$)-5>'*H*@E#&%>' B�-A@?-
)0@ B&'*+�-
)&) =;'*+

60
I � -
12+�'�( H*' 5>"$#&%�'0"$) )&'(+.-
1 @ @?"$#�5E"$#&%>+�3�-
+�+?1

CS
H*"$)0@?12'*)0@ B&'*+�3F"$12)0@?+36 #&1

)&'<+?"$)0@�3�-
+ B&'*+ 12)0/0';%>+?'*+�B&' ) "��*%&%>'*+ B&' ! 12+?"
@;I � '<42'*H*@E'*#&%�12)�@E=*%E'*+E+?= 3�-
%�H*'*+ 6 # ';+>@?12"$) +(3F"$#&%>%E- H*"$)&+?#&4 @E'*%
4 C -
%>H�@?12H*42' B&'7!�'*%E'*+�' 0 H �&4 --1 '*@ 0 "$42"��D&�--# 	 ��"
��I

�


���
 ���
� � '(% ���(*�# � ��� ��%�� ��%�'(���

�$Y�Q �_UZY�U`SX[<]PNpRX[9O�NJ^<Y�n�M�]PO�NpsDNJn�QZY�R�NP^_Y�Y�Q`]P]JQ sDQo]p[ sD�;Y�[hn�N'�_M�Q sDQ ]p[�R�Q`VWO�NJ^<Y H<I � Q`R�O ]p[
S�U4VWM�SXSXQZY�VZQ'[h]JU`[hO�^_NPSXQds�UW��Y�NJQ R�M�S

Rd ��[<S

Xn+1 = A(θn+1)Xn+1 + B(θn+1)

^0/ ]JQ`R �9[<S�Np[hq�]JQ`R
(θn)

R�^<Y�OANmI NmI s�I 
 �9[<]PQ`M�SXRAs�[hY�R {1, . . . , k}, {A(1), . . . , A(k)} R�^_Y_O
kno[9O�SXNpVWQ`R

d × d

�VW^;Q�+oVZNPQ`Y�OXR�SXUZQZ]pR�QWO {B(1), . . . , B(k)} k

�_Q`VWO�QZM�SXRTsDQ
Rd.
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K;N
A
Q4R&OdM�Y�Q7n�[hO�SXNJVZQ

d × d
QZO || · || M�Y�QrY�^<SXn7Q7R�M�S Rd,

S{[h��� QZ]J^<Y�R���M�Qr]p[ Y�^<SXn7Q7sDQ
A

�2Y�^<O�U`Q ||A|| ��Q4R&O$sDUZ��Y�NJQb��[hS

||A|| = sup{||Ax|| : x ∈ R
m, ||x|| = 1}.

K;M���� ^_R�^<YFR ||A(i)|| < 1
�F^_M�S�O�^_MDO

i = 1, . . . , k.
�$]J^<S{R�]J[�R�M�NPO�Q

(Yn)
sDQcO�Q`S�n�Q �<U`Y�UZS{[h]

Yn = B(θ1) + A(θ1)B(θ2) + . . . +




n∏

j=1

A(θj)


B(θn+1)

VW^_Y��_QZS&�<Q'��S�Q4R(��M�QcR()�S�Q`n�QZY�OT�<QZS{R�M�Y�Qb�9[<S�Np[hq�]JQc[h]JU`[9OX^<NJS�Q
Y∞ ∈ Rd.
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i = 1, . . . , k.
(7- ���-�

1 / 2 - � �+,�� �.�
(Xn)
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Y∞ ;1 / / 2 - � - �F�

π
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Rd � � - , �E�$�F� ���$-;
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π =
k∑

i=1

m(i)π ◦ f−1
i
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fi

�����$������� -;
 �A��� - �>�
���?�$��� � $ ���
x→A(i)x + B(i)

���
m(i) = P(θn = i).


�� 3�69:</ :<3 * �'5 �p��� , (+� � �/��!"� � $-*�����* � �  �  � � *�� ,".), &�! � ��! & � � * �����/� $ � �  ��� *  ��!"� &�! � *���!)��# ! � &�! �*�����* � �  �  � ��� � � (4� � !"� � � ( � ( � �

,�^_MDO$VW^_n7n�Qbs�[<Y�R�]PQbV`[<R�sDQ`RTVZ^<Y;�<^_]PM�O�NJ^<Y�R�sDQbf}QZSXY�^<M�]P]JN l�VZQcS�U4R�M�]POX[hO�s�Q VW^<Y;�_QZS&�<QZYFVWQ$Q`Y
]P^_N.RZ� [<V`VW^_n7�F[ �<Y�Q's�� M�Y�O�|�U`^<SX�Zn�QbsDQ VW^_Y;�<QZS&�<Q`Y�VWQ'��SXQ`R&�_M�QcR()�SXQ<I


c69E�2�E 54/21`/ EF> * �'5 �8/ � � , � - ���D� &A� ��� � '�������� � �<���&�
��- ��� � ���.���E�$�F� ���(����- � � ���A� �;�$� �E�$�F�  ������" ��

limn→∞
1

n

n−1∑

k=0

Φ(Xk) =

∫

Rm

Φ(x)π(dx)

� � ����.(, � �	� � � ) ��� � � � � , � �9� , ��� � �F��� �E�$�F� Φ : R
m→R

�-��� �E���3, � � � �-���$���
� �
�\Q O�|�UZ^<SX�Zn�QzQ`S(�_^DsDN8��M�Q � sD^<Y�O�]J[ ��S�Q`M��<Q R�QZS{[ sD^_Y�Y�U`Q s�[hYFR ]JQ�V{|�[<��N�OXS�Q ��l\VZ^<SX^<]J]J[<NPSXQ
��I ��IJH � ���FQ`S�n�QZO`l?�F^_M�S

d = 1, 2
^_M

3
l?sDQ �&�;NpR�MF[h]JNJR�QZS;�c]JQ�R�M����F^_S�O

π

 �F[hS�O�NJSdsDQr]J[ SXQZ��SXU7�

R�Q`Y�OX[9OXNP^_Y �<S{[h��|�N'��M�QTs�� M�Y�Q$OXSX[F6&Q`VWO�^<NJSXQ
X0, X1, . . .

��[hS�O�NpVWM�]PNJ�ZSXQ<I �d[hYFR"M�Y�Q�NPno[ �_QTQZYoY�^_NPS



� ��� �<� � � 	 � ������� � 	���� ��� ��� ��� ��� x_�

QWO�q�]p[hY�V<lD]PQ4R��`^<Y�Q4R}q�]J[<Y�V{|�Q4R �CY�^<Y��;NJR�NPO�UZQ4R ��Y.� [h���F[hS�O�NJQZY�Y�Q`Y�O}��[_R�[hMtR�M����F^_S�OTsDQ
π
QZO�]JQ`R

S�U �<NJ^<Y�R �;NpR�NPO�U`Q`R\R�^_Y_O}s�� [<MDOX[<Y�O���]JM�R u2^_Y�VWU`Q`R���M.� QZ]J]JQ`R�R�^<Y�O�V{|�[<S(�_UZQ4R ��[hS
π.
� ^_NJVZN ��M�QZ]'��M�Q`R

NPno[ �<Q`R�^<qDOXQZY;M�Q4R�Q`Y sDNJn�QZY�R�NP^_Y
2.
~�[�R�O�SXM�V OXM�S�Q'u2S{[<V O{[h]JQ$Q`R�O�]PNJUZQ 
 ]p[���S�^<��S�NJUWOXU�s�� [hMDOX^_R�N �

n�NP]p[hSXN�OXU'sDQ
π
�C��S�^_�F^�R�NPO�NJ^<Y H<I��DIJH

(ii)
�WI�� ^_M�S}s.� [<MDO�SXQ`R}NJn�[ �<Q4R�QZO�sDQ4R\s�UZ�<Q`]P^_��� QZn�QZY�OXR}^_Y

�F^_M�SXSX[7VW^_Y�R�M�]�OXQZSTf�[hSXY�R�]JQZ� 	PH4x �mI

� >03z5 20/C69@�BC3

A(1) =

[
0.839 −0.303

0.383 0.924

]
, A(2) =

[
−0.161 −0.136

0.138 −0.182

]
,

B(1) =

[
0.232

−0.080

]
, B(2) =

[
0.921

0.178

]

QWO
m(1) = m(2) = 1

2 .
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A(1) =

[
0 0

0 0.16

]
, A(2) =

[
0.2 −0.26

0.23 0.22

]
, A(3) =

[
−0.15 0.28

0.26 0.24

]
, A(4) =

[
0.85 0.04

−0.04 0.85

]
,

B(1) =

[
0

0

]
, B(2) =

[
0

1.6

]
, B(3) =

[
0

0.44

]
, B(4) =

[
0

1.6

]

QWO
m(1) = 0.01, m(2) = 0.07, m(3) = 0.07, m(4) = 0.85
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